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Function classes:
 Convex functions
* Smooth, u-strongly convex functions

* Functions with L-Lipschitz gradient

* This talk: smooth, globally Pt functions
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PL. condition

min f(x)
u-globally PL:  [[VF(OII* = 2u(f(x) = f7), Vx€R", u>0

Polyak '63, Lojasiewicz ‘65, Karimi et al. ‘16, Liu et al. '20

All critical points are global mins Vilx) =0 = f(x) =f*

u-strongly convex functions are u-globally PL.

But the converse is not true: f need not be convex!
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Why care about PL.?

IVFOI* = 2u(f(x) — ), vx € R"

Nonconvex

Gradient descent/flow behaves nicely
L-Lipschitz gradient and u-Pt. imply linear convergence (short proof!)

f may have a (nonconvex) manifold of solutions Global minima

Overparameterization!

anilte
Ly

Applications: Deep learning (Liu et al. ‘20),
control (Fazel et al. '18),
statistics (Chewi et al. ‘20)

Liu etal. 20
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X



Example

IVFCOII? = 2u(f(x) — f7), vx € R"
Example:
f) =IF(x) — bl F:R" » R”
Easy computation:
fO) = f* < 5o IV GO 0(x) = 0 (DF(x)")

We show all globally Pt

f is globally Pt if lgf{“(")} >0 functions are of this form!
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What do PL functions look like?
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A diffeomorphism is a smooth map R" — R™ with smooth inverse
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What do PL functions look like?

IVFCON? = 2u(f(x) — f7), vx € R"
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What do PL functions look like?

IVFCON? = 2u(f(x) — f7), vx € R"

fx) > [1xI1?

If f is smooth and globally PL. with unique minimizer, does there exist a
diffeomorphism ¢ : R™ — R"™ such that

fG) =+ llpll* ?

Baby Thm: Yes

25
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What do PL functions look like?

IVF GOl = 2p(f(x) — £, Vx € R"
If f is smooth and globally Pt. with does there exist a
such that

fG) =f"+ el ?

Baby Thm: Yes (in fact, enough to just assume solution set is

Cor: There is a complete Riemannian metric on R™ under which f is
geodesically convex.

(compare with Rapcsak & Csendes '93)
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Global minima

k<n

fx)
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What do PL functions look like?

Global minima

If f is smooth and globally Pl-wth-ssteme—simi=r=e+ does there exist a
diffeomorphism ¢ : R™ — R such that

fO) =f +g(¢x), where g(x) =xf+-x;

?

k<n
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What do PL functions look like?

Global minima

f(x)

If f is smooth and globally Pl-wth-ssteme—simi=r=e+ does there exist a
diffeomorphism ¢ : R™ — R"™ such that

fO) =f +g(¢x), where g(x) =xf+-x;
S={x:Vf(x) =0} ={x: f(x) ="},

?

k<n
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What do PL functions look like?

Global minima

If f is smooth and globally PL-wHith—stese—st=t=ri==+ does there exist a
diffeomorphism ¢ : R™ — R"™ such that

fO) =f +g(¢x), where g(x) =xf+-x;
S={x:Vf(x) =0} ={x: f(x) ="},

Short answer: No in general. Yes if S = R"7¥,

?

k<n
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Main Thm: If f is smooth and globally P, then

e Sisa

embedded smooth submanifold without boundary;

S is

if it can be internally shrunk to a point
In particular: it is connected, simply connected, etc.
S cannot be a circle, sphere, cylinder, ...
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Main results

S={x:Vf(x) =0} ={x:f(x) =f"}, dimS=n—k

Main Thm: If f is smooth and globally Pt, then

e Sisa embedded smooth submanifold without boundary;

e there exists a such that
fO) =+l (0%
Implies ¢(S) = S x {0}. Converse:

Thm (Building PE fcts): Let S be a submanifold of R™. If there exists a diffeomorphism
d:R* - S x RF with ¢(S) = S x {0}
then S is the argmin set of a globally PL function.
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What can S be?

Cor (Characterization of S): Let S be a smooth manifold (without boundary).
The following are equivalent:

e Sisa ;

* S is diffeomorphic to the argmin set of a globally Pt function.

Proof also relies on a deep result of McMillan ‘61, Stallings ‘62, Luft ‘87,
Perelman ‘03.

What are all contractible smooth manifolds (without boundary)?
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What can S be?

Cor (Characterization of S): Let S be a smooth manifold (without boundary).
The following are equivalent:
e Sisa contractible;

* S is diffeomorphic to the argmin set of a globally Pt function.

Proof also relies on a deep result of McMillan ‘61, Stallings ‘62, Luft ‘87,
Perelman ‘03.

What are all contractible smooth manifolds (without boundary)?

Certainly includes R™. Any others?

Doesn’t include circle, sphere, closed disk, cross, ...
48
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What are all contractible smooth manifolds (without boundary)?

Certainly includes R™. Any others?

e [fdim(S) = 0, it is a singleton, so S = R,
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What are all contractible smooth manifolds (without boundary)?

Certainly includes R™. Any others?

e [fdim(S) = 0, it is a singleton, so S = R,
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What can S be?

What are all contractible smooth manifolds (without boundary)?

Certainly includes R™. Any others?

e If dim(S) = 0, itis a singleton, so § = RY.
« [fdim(S) = 1, itis aline, so S = R!.

e Ifdim(S) = 2,itis a plane, so S = R?.

e Ifdim(S) = 3, ...
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What can S be?

What are all contractible smooth manifolds (without boundary)?

Certainly includes R™. Any others?

e If dim(S) = 0, itis a singleton, so § = RY.
e [fdim(S) = 1,itisaline, so S = R

e Ifdim(S) = 2,itisa plane, so S = R?.

e Ifdim(S) = 3, ...

| Whitehead ‘35, Mazur ‘61] For each m = 3, there exists a contractible smooth
manifold (without boundary) which is to R™.
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What can S be?

What are all contractible smooth manifolds (without boundary)?

Certainly includes R™. Any others?

| Whitehead ‘35, Mazur ‘61] For each m = 3, there exists a contractible smooth
manifold (without boundary) which is not even homeomorphic to R™,.
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What can S be?

What are all contractible smooth manifolds (without boundary)?
Certainly includes R™. Any others?

| Whitehead ‘35, Mazur ‘61] For each m = 3, there exists a contractible smooth
manifold (without boundary) which is not even homeomorphic to R™,.

These manifolds are crazy! Famous Whitehead

manifold
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What if S isn’t crazy?

Cor: If S is diffeomorphic to R™ (e.g., if dim S < 2), then there exists a
such that

f)=f"+g(¢p(x)), where gx) =xf+-xf



What if S isn’t crazy?

Cor: If S is diffeomorphic to R™ (e.g., if dim S < 2), then there exists a
such that

fOO) =f+g(p(x),  where  g(x) = x} +
Summary:

Either f is simple, i.e., f(¢p 1 (x)) = x7 + - + x}

Or S has to be wild, i.e., smooth and contractible but not diffeo to R™
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Remainder of talk

Baby Thm: If f is smooth and globally Pt. with there exists a
such that

fG) =f"+ ¢l

Main Thm: If f is smooth and globally Pt, then

*Sisa embedded smooth submanifold without boundary;

e there exists a such that

fOx) =1+, (OII>.

Next: Some geometric intuition behind proofs
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Baby Thm: If f is smooth and globally PL. with unique minimizer, there exists a
diffeomorphism ¢ : R™ — R" such that

Unique minimizer )= 18I

Step 1: Make f locally a squared distance (Morse Lemma)
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diffeomorphism ¢ : R™ — R" such that

Unique minimizer )= 18I

Baby Thm: If f is smooth and globally PL. with unique minimizer, there exists a

Step 1: Make f locally a squared distance (Morse Lemma)

Step 2: Do it globally with grad flow x'(t) = —Vf(x(t)), x(0) = x,
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Baby Thm: If f is smooth and globally PL. with unique minimizer, there exists a
diffeomorphism ¢ : R™ — R" such that

Unique minimizer )= 18I

Step 2: Do it globally with grad flow x'(t) = =Vf(x(t)), x(0) = x,

@ Xo = P (Xo)
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Baby Thm: If f is smooth and globally PL. with unique minimizer, there exists a
diffeomorphism ¢ : R™ — R" such that

Unique minimizer )= 18I

Step 2: Do it globally with grad flow x'(t) = —Vf(x(t)), x(0) = x,

Xo + ¢ (Xp)
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Baby Thm: If f is smooth and globally PL. with unique minimizer, there exists a
diffeomorphism ¢ : R™ — R" such that

Unique minimizer )= 18I

Step 2: Do it globally with grad flow x'(t) = —Vf(x(t)), x(0) = x,
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Baby Thm: If f is smooth and globally PL. with unique minimizer, there exists a
diffeomorphism ¢ : R™ — R" such that

Unique minimizer )= 18I

Step 2: Do it globally w1th grad flow x'(t) = —Vf(x(t)) x(0) = x,

—~
1

Inverse qb L. ]ust run the procedure in reverse!
NN >~ T/



Baby Thm: If f is smooth and globally PL. with unique minimizer, there exists a
diffeomorphism ¢ : R™ — R" such that

Unique minimizer )= 18I

It is important to first perform Step 1, as o.w. grad flow lines collapse.

1

gt \", e L
'%} )

iy ‘l\ — 1
-1 0 1 -

-1
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Remainder of talk

Baby Thm: If f is smooth and globally PL. with unigue minimizer, there exists a
diffeomorphism ¢ : R™ — R"™ such that

fG) =f"+ ¢l

Main Thm: If f is smooth and globally Pt, then
* Sisa contractible embedded smooth submanifold without boundary;
* there exists a diffeomorphism ¢ = (¢, ¢,) : R — 5 x R" such that

fOx) =1+, (OII>.

Next: Some geometric intuition behind proofs
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Main Thm: If f is smooth and globally P%, then
*Sisa embedded smooth submanifold without boundary;
* there exists a di ( R’ such that

Manifold of minimizers £ = 4 IaCO

IVFCON? = 2u(f(x) — ), Vx € R"
S={x:Vf(x)=0}={x:f(x) =f"}, dimS=n—-k
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Main Thm: If f is smooth and globally P%, then
*Sisa embedded smooth submanifold without boundary;
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Sisa without boundary (Rebjock & Boumal 23)
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Main Thm: If f is smooth and globally P, then
* Sisa contractible embedded smooth submanifold without boundary;
« there exists a diffeomorphism ¢ = (¢, ¢,) : R™ — § xR" such that

Manifold of minimizers £ = 4 IaCO

IVFCOll? = 2u(f(x) — f7), Vx € R"
S={x:Vf(x)=0}={x:f(x) =f"}, dimS=n—-k
S isa smooth manifold without boundary (Rebjock & Boumal ‘23)

S is contractible: it can be internally shrunk to a point (Lojasiewicz '65)
S cannot be a circle, sphere, cylinder, ...

Gradient flow x'(¢t) = —Vf(x(t))
deformation retracts R" to S




Manifold of minimizers

IVFCON? = 2u(f(x) — f7),
S={x:Vf(x) =0} ={x:fx) =f7},

Vx € R"

dimS =n—k%

Sisa without boundary (Rebjock & Boumal 23)

S is : it can be internally shrunk to a point (Lojasiewicz '65)

S cannot be a circle, sphere, cylinder, ...

Main Thm: If f is smooth and globally Pt, then

* there exists a

fO)=f"+ g2l

«Sisa embedded smooth submanifold without boundary;

such that
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Manifold of minimizers

IVFCON? = 2u(f(x) — ), Vx € R"
S={x:Vf(x)=0}={x:f(x) =f"}, dimS=n—-k

Sisa without boundary (Rebjock & Boumal 23)

S is : it can be internally shrunk to a point (Lojasiewicz '65)

S cannot be a circle, sphere, cylinder, ...

* there exists a such that

fx) = f"+ llg20)lI%




Manifold of minimizers

IVFCON? = 2u(f(x) — f7), Vx € R"
S={x:Vf(x)=0}={x:f(x) =f"}, dimS=n—-k

fI SIS IS IS SIS S

Sisa without boundary (Rebjock & Boumal 23)

N

§
N

(A
o.., 7/
==

S is : it can be internally shrunk to a point (Lojasiewicz '65)

S cannot be a circle, sphere, cylinder, ...

« there exists a diffeomorphism ¢ = | )+ R™ - S xR* such that

fx) = f"+ llg20)lI%

LLLLLLLLLLLLLAN

S cannot be a knotted line in R3 .



Main Thm: If f is smooth and globally Pt, then
* Sisa contractible embedded smooth submanifold without boundary;
« there exists a diffeomorphism ¢ = (¢, ¢,) : R" - § xR”* such that

Manifold of minimizers 0=+ IO

]Rk
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Main Thm: If f is smooth and globally Pt, then
* Sisa contractible embedded smooth submanifold without boundary;
« there exists a diffeomorphism ¢ = (¢, ¢,) : R" - § xR”* such that

Manifold of minimizers 0=+ IO

]Rk

2 (y)
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Main Thm: If f is smooth and globally P%, then
* Sisa contractible embedded smooth submanifold without boundary;
« there exists a diffeomorphism ¢ = (¢, ¢,) : R™ — § xR" such that

Manifold of minimizers 0=+ IO

x'(t) = =Vf(x(®),x(0) =y

n(y) = x(o0)
mT:R*"—> S

5/\/\/\ B
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Main Thm: If f is smooth and globally P%, then
* Sisa contractible embedded smooth submanifold without boundary;
« there exists a diffeomorphism ¢ = (¢, ¢,) : R™ — § xR" such that

Manifold of minimizers 0=+ IO

n (%) = R¥ x'(£) = =Vf(x(1), x(0) = xg

m(x9) = x(0)
mT:R*"—> S

82




Manifold of minimizers

y n71(%) = R

Main Thm: If f is smooth and globally P%, then
* Sisa contractible embedded smooth submanifold without boundary;
« there exists a diffeomorphism ¢ = (¢, ¢,) : R™ — § xR" such that

fO)=f"+ g2l

x'(t) = —Vf(x(t)),x(O) = X,

m(x9) = x(0)
mT:R*"—> S
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Main Thm: If f is smooth and globally P%, then
* Sisa contractible embedded smooth submanifold without boundary;
« there exists a diffeomorphism ¢ = (¢, ¢,) : R™ — § xR" such that

Manifold of minimizers 0=+ IO

R x'(8) = ~Vf(x(), x(0) = x,

m(x9) = x(0)
mT:R*"—> S
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Manifold of minimizers

~ R¥

Main Thm: If f is smooth and globally P%, then
* Sisa contractible embedded smooth submanifold without boundary;
« there exists a diffeomorphism ¢ = (¢, ¢,) : R™ — § xR" such that

fO)=f"+ g2l

x'(t) = —Vf(x(t)),x(O) = X,

m(x9) = x(0)
mT:R*"—> S

Fact: T is a smooth submersion,
relies on Falconer ‘83

85




Main Thm: If f is smooth and globally P%, then
* Sisa contractible embedded smooth submanifold without boundary;
« there exists a diffeomorphism ¢ = (¢, ¢,) : R™ — § xR" such that

Manifold of minimizers 0=+ IO

R x'(8) = ~Vf(x(), x(0) = x,

m(x9) = x(0)
mT:R*"—> S
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Main Thm: If f is smooth and globally P%, then
* Sisa contractible embedded smooth submanifold without boundary;
« there exists a diffeomorphism ¢ = (¢, ¢,) : R™ — § xR" such that

Manifold of minimizers 0=+ IO

x'(t) = —Vf(x(t)),x(O) = X,

m(x9) = x(0)
mT:R*"—> S

(s FQO) = F )
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Main Thm: If f is smooth and globally P%, then
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Main Thm: If f is smooth and globally P%, then
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Manifold of minimizers 0=+ IO

~ R¥ x'(t) = =Vf(x(t)),x(0) = xq

m(x9) = x(0)
mT:R*"—> S

(s FQO) = F )

[dea:
1.Map ¢, : n(n(y)) » m~1(%), so that

f» = f(p)
2. Apply baby thm to f restricted to 7~ 1(%)
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Manifold of minimizers

Main Thm: If f is smooth and globally P, then

e Sisacontractible embedded smooth submanifold without boundary;
e there exists a diffeomorphism ¢ = (¢, ¢,) : R™ - § xR" such that

f) = f"+ g2 COlI%.

Technical terminology:
m: R™ = Sisa trivial fiber bundle
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Build your own crazy Pt function

Thm (Building PE fcts): Let S be a submanifold of R"™. If there exists a
diffeomorphism

d:R" - S x R* with ¢(S) = S x {0}

then S is the argmin set of a globally Pt function.
Such a diffeomorphism exists for

For each y € R, let ¢, (£) = ¢~1($, (1), t $,(»).

[McMillan ‘61 and Stallings '62]

This a curve from some pointinS (t =0)toy (t = 1).

Let £ () = [, ||y (0)]| at.



Build your own crazy Pt function

Thm (Building PE fcts): Let S be a submanifold of R"™. If there exists a

diffeomorphism

d:R" - S x R* with ¢(S) = S x {0}
then S is the argmin set of a globally Pt function.

For eachy € R™, letc, (t) = ¢~ (¢1 (1), t $2(»)). Let f(3) = [ [|cs (@

RTL

S/\/\/\/

S x R¥

x {0}

dt.
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Manifold domain

Whatif f: M — Ris defined on a complete Riemannian manifold M?
All results remain the same if assume . In fact:

Thm: If f is smooth, globally Pt. and non-constant on contractible M, then M is
diffeomorphic to R".
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Punchlines + Questions

Smooth, global Pt functions are non-linear least squares: f(x) = f* + ||, (X)]|?

Either f is simple, i.e., f(¢p 1 (x)) = x7 + - + x}

Or S has to be wild, i.e., smooth and contractible but not diffeo to R™

Even if f is nonconvex, it is geodesically convex in disguise

Questions: 1y NN\ 117177700
CP regularity? ((( () &
Make results ? A o | \—
Possible embeddings of S ¢ R"? -
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